MATHEMATISCH CENTRUM
. 2¢ BOERHAAVESTRAAT 49
r‘AMST"E’RDAM‘ |

© STATISTISCHE AFDELING

Leiding: Prof. Dr D. van Dantzig
Chef van de Statistische Consultatie: Prof. Dr J. Hemelrijk

Report S 212 (VP 42)

The asymptotic distribution for large m of

Terpstra's statistic for the problem of m
rankings

by

Ph., van Elteren

(Prepublication)

1956



1. Introduction

Consider m random vectors EKGJ (et =1,2,...,m) with n
components ggm),ggx), eee ’ng) being the results of measure-
ments on n objects., M. FRIEDMAN (1937) and T.J. TERPSTRA (1955)
have constructed distributionfree tests for the hypothesis HO’
that these vectors are independent and that for each « the
components of 5‘“) have the same distributionfunction. Terpstra
considered the more general case that an arbitrary number of compo-
nents of each §gx) is available, This number here is restricted toA1
except for section 5, where the case is treated that some obser-

vations are missing.

The alternatives for these tests are not precisely formulated
by the authors but as their statistics can be considered as means
of rankcorrelation-measures they will often lead to rejection of
HO when the vectors are positively correlated pair by pair.

Let T be Kendall's rankcorrelation statistic (cf. KENDALL
(1948), Chapters 1 and 2) for the vectors zﬂu) and KLG) given by

. 1)
def 2 (o) ()
(1.1) Lo = icy G o
where
(1.2) x§?7 def Sgn(ﬁgx)- ggx)) (cf. D. VAN DANTZIG and
2 J. HEMELRIJK (1954)),

then Terpstra's statistice T is defined by

(1.3) T agt :z: I = 22: ;Z: xg¥)x9%) =

oL <3 o o< 1<) =i =i
1 2 (z:X(“)>2 -1 2::(X(QQ)2 .
1< tor=1] ¢ 1 ot M=
Let ugx),ugx), e e ,uﬁx) be the different values assumed by |
the components of vector §ﬁm) in such order that ugm)<'ugu><.;.

<...<1J°Q, then the number of components of xGx) whose cbserved

[#8 - .
value 1is ugu)1>(i.e. the size of the hth tie) is denoted by tgx).

1) In this paper o and /3 are supposed to run through the values
152500.,m; 1,5,k and 1 through 1,2,...,n and h through 1’2""’ga?
with the restrictions mentioned under the summation symbols 2.
The random character of variable is denoted by underlining its
symbol; an arbitrary value assumed by & random variable is often
denoted by the same symbol not underlined.



For the eonstruction of a distributionfree test for HO based
on the statistic T, the distribution of T under the randomization
hypothesis Hé implied by HO is investigated. This hzggthesis Hé@x)
states that all possibilities to allot for each a-tq values Uy R
t(aJ values ué ),...,t( ) values u(“) to the components of vector

z(u) have the same prgbabllity. I% follows that the test applles
also 1f the components of x o) denote ranks allotted to n objects
in order of some qualltative property.

The following notation will be used (cf., TERPSTRA (1955))

’C(OO
i) Gef 4 L (2= (D) (nza)
(1.4)
gu) aef o (n<?2) and
(et)
£
ol dF 4 (BT 2 (h ) (n2))
{1.5)
”‘%”‘) aef (n<3) .
If further
(1.6) 6, & o7 %: Gg")
{1.7) ¢y of m“‘"%l@%‘*"

(1.9) ;[‘_=5“-:.Z@ x° - g mn (n - 16, .

As G is a constant under H! the distribution of T 1s

0
determined by that of E;% 513, the sum of squares of the signtest
statistics zﬁj applied to the differences ﬂg )— ﬁkx) for ot =

2) If in this paper the word "asymptotic" is used, it always refers
to large values of m; the distribution of random variables is

always considered under hypothesis Hé ( except for section 5).



Terpstra's results contain the asymptotic distribution for
n—»o0 of T, In this paper the asymptotic distribution for m-»ooils
considered, For that purpose the asymptotic distribution of Fried-
man's statistic S is used. That statistic 1s defined by

(1.10) s %F 1 Z (& 2% _gJ))g =7 (ég-zij)z - B2 xE

where

def 2
(111 8 Sx

If

11i G. + (n -« 2)¢ 0

(1012 1im {30, + ( )65 >
2)

the aesymptotic distribution of

(o) ;
(1.13) %, °¢F [(n(n v 2§ - (HEh El(fh 3+1)}] ! es -

= [n {3@2 + (n - Q)GB}] '1.3'§; §§

lg a'X?—distribution with n - 1 degrees of freedom (cf., M. FRIED-
MAN (1937), A. BENARD and PH, VAN ELTEREN (1953)).

Condition (1.12) is satisfiled 1f the number of vectors Eﬂu)
with g@*)g 2 is O(m).

2. Asymptotic distribution of 2;5 ~13
According to the central 1limit theorem for random vectors .
(ef. J.V. USPENSKY (1937) p. 318) the variables X4 asymptotically -

possess a multincrmal distribution. The means and the covariance

matrix of these variables under hypothesis H
(cf. TERPSTRA (1955)).

6 are derived as follows

(2-1) 'gziij = é— Z‘@_SLJ) O,
(2.2) €xf s =1 ZfxP - 0T T ol =6, (140,
(2.3) €x; xyy = w7 Z’gzc_ﬁ)__ -3 e el = Lo, (£ (1,50)

2) See p. 2,



(2.4) '83_5_ X =0 (# (1,3,%,1))

N ‘
£ x = - 7 Gy ete, \

E.jiz-ik 13~k1

The asymptotic distribution of T can, for each value of n,
be determined from the identity

1%‘_;{3: 2\;7\)5—% (¥ = 12,..05(3))
where the quantities z, are asymptotically independent and N(0,1) -
distribu¥ed random variables and %4,%2,...,X n. are the latent
roots of the known covariance matrix of the ‘2/ variables Xy

The computation of these latent roots can be avoided 1f the
following simple relation is used

(2'5) ZX = —1(ZX + Zx

i< i<j=k 1Jk
with Xy defined by (1.11) and lek
(2.6) % g e Xig T Ege T R
The variables KqeXpsee s X x123,~424,.. sXqon?

£134""’§n-2,n—1,n possess asymptotically a multinormal distri-

butlon. Thelr means are zero and for the covariance of a variable

x; and a variable X gk is found
-Eﬁyﬂl_o (3<k<l)

Thus the variables X; are asymptotically independent of the

varlables Eijk and consequently 2%-55 is asymptotically independent
: 2
of 15<k Ege

As the asymptotic distribution of'E: e is given by (1.12)

X
i =1
only the asymptotic distribution of i<3<k % e has to be considered.
The variables x have asymptotically a multinormal distri-

-1 ik
bution with covariance matrix given by

1t

(2.7) _gzc-i]k 3"8§§J - 6'82{—13 Z{-ik = 3 G2 -2 GB (7é (isjsk))



e
(2.8) 'e?-c-ijk—)iijl = £ xS,

PR S S

= % (3 G2 - 2 GB) (# (1,d.k,1)) .

The other covariances are gzero,

As thils covariance matrix is singular, we use the following
identity \,
\
(2.9) Lige " Zn T Rk T Eagk o .

It follows from (2.9) that all varilables X4y 80 be
expreseged in terms of the variables §ijn’ with 1<jgn - 1,
whose coverlance matrix A = (a(ij),(kl)) (i<jgn - 1; k<lgn - 1)
is defined by:

i), (k1) T “zzijnﬁk%n =

it

wia W

G, ~ 2 G for 2 = k; § = 1,

3
(36, -2 G5) for

2

o
i

j #£ 1 or

Jo=1; 1 # Xk,
= ~%(3 Gp = 206y) for 1 =1or J =k, .
=0 for # (i,3,k,1). ‘

i

Formula (2.9) gives the following i1dentity:

EE:: X?jk = (n - 2) :E::“ x° -0 :Ei::: (

X, . X, +
i<jek 1<jgn-1 —LJn i¢jskgn="1 —Ljn=ikn

T X ernfen T ﬁjknﬁijn) ‘

The right nand member is a quadratic form in x

X4 5n with matrix

B z(b(ig)(klp (i<j§n«4? k<lgn-1) given bys

b(ij)(kl) =n -2 for i =k; j =1
= -1 for 1=k, j#lor j=1, 1#£%
= -+ for 1 = 1 or J =k
= 0 for # (1,7,k,1).

The product AB 1s found to be a diagonal matrix with dlagonal

1 .
clements = n(3 G, - 2 GB)' Hence, if 3 G, - 2 Gy £ 0

2~ <303 G, - 2 G3)~1B

and thus



x, ¢ 3 n" (36, - 2 GB)“I > 2 by

i<j§n-1 k<l§n=-"1

ST L2
2 " 203 X1 jx

asymptotically has a'X?—distribution with (né1) degrees of freedom,
\\ .

The following theorem is now easily derived from (1.9),(1-13)&
(2.5) and (2.10). “

13) (k1)1 jnfieln =

N
A\

Theorem I:
The asymptotic distribution for m —secunder Hé of Terpstra's
statistic T 1s the convolution of the distributionsof two indepen-

dent variates:

1. 5 {B Gy +.(n - 2)6,} X, - } mn(n - 1)6,

and
2. X3 G, -~ 2 G,)X
© 0 2 3/ =P
where X, and X, have?(g—distributionswith n - 1 and (néq) degrees

of freedom respectively.

3. Remarks about the application of theorem I

From (1.4) and (1.5) is deduced
o L2 <3 (e 5a(ef)2} ]
3 n(n - 1) (n - 2)

(3.1) 3 Gg“) -2c

If a tie of size t is divided into two ties of sizes u and v
respectively (¢t u + v), the value of 3 ng)- 2 Ggu) is increased
by
(3.2) 2(u3+ v ts)— 3n(u2+ v tg) _ 6 uv(n - t)

. o = 1) (0 = 2) S Am - N -2y

i

Now i1t is seen from (3.1) that 3 Ggu)— 2 G§d> =0 1f g =1

and from (3.23 that this also holds if Ee, = 2. In all other cases
3 ng)- 2 Ggm' will be positive, It follows that 3 G, - 2 G, tends®
to zero if and only 1f the number of vectors with B 2 3 is
O(mq_s) (0<€<«1) for large m, and then the asymptotic distribution
will be a Wg-distribution with (n - 1) degrees of freedom, It follows
also tnat, 1if for all vectors gd § 2, Terpstra's and Friedman's

X,

tests are equivalent as then all are zero and thus

=i gk

2_ X2, = n“qzx? .
e

ic) 21



- 7 -

Now the case that 3 G2 - 2 G3 converges to a posltive value

is considered. Then Terpstra's statistic T can be written in the

following form

(3.3) T =83 6, - 2 63)% - 7 mn(n - 1),

where
3G, + (n - 2)G
(3.4) X = —2 Lx, + X, =¢X, +X, (say),
- 3G, -26, 7 - =
2 3
with §4 and Kg defined as in theorem I.

The asymptotic densityfunction f(x) of X can be expressed

in the following way:
e fr, (x - z)f_ . (Z)az
${n-1)(n-2) n-1'c
0

: . . - . . 2 .- . )
where fv(x) denotes the denzit,function of the X -distribution

with v degrees of freedomn.

If 3(n - 1) is denoted by k and %( N (n - 2) by 1, then
X X Z
(3'5) f(X) — 2—(1{4‘1)(2*’1{1.1(1{) } /]-Jﬂe 2 e 2 X B z)l“’](%)k“/‘dz
X bx

- k. ~(k+] - -1 "B L - -~
where b = 1 - ¢ ', t = (x - z)(1 - c_q).
For ¢odd values of n, k is an integer number and thus

bx k-1

L - -
hf e 281V px - 0y lar = 2 (-q) (qu (ox) & 71" ka st lri-lg
“ :C
0 J

It follows that:

EL T | |
= J -]

ﬂ s F2(1+j)(
where F,(x) is the distributionfunction of the X“-distribution

with v degrees of freedom.
If F(x) is the distributionfunction of X, (3.6) gives
k-1

= -k -1 =1 _2yJ__T(1+])
(3:7) %) = (2) ™ e (1) 2B gy,

bx)

where I, (x) difj‘e 2CtTF(,(bt)dt (r integer, r 20, s>0) and by
5 o -

induction 0

r S .
s STr + 5 - 1)
_ Sl tif e 2 0 2
(3.8) Ir,s(x) = QCg;Ou T {? b e F2r+s—2i(x)
2 X

- 2te 2er"iFS(bx)} )



where rii denotes the i-th factorial power of r,
Substituting (3.8) in (3.7) interchanging the order of
summation and putting h = k - 1 - 1 the following expression

is found

. u
(3.9) F(x) =» —— 5= 5~ (=1 ¢!

N
.

o ¢\ 1+ 26, %\ h-] 1 } :
Xfl"(h + 1)F2(h+}_)(x) - ("c":'?]‘) T (1+J)e (‘2' 13'2(1,;.;3)“‘(”1 c )t
In this way for odd values of n, a finlte expansion of F(x)
in terms ofiyg—distributionfunctionsis derived., For instance for
n=3(k="11=.)

X
(3.10) P(x) = I,é_) PP, (x) - G2 T(Re Ryt - ¢ TH)]
. _E
= 7 (x) - \[z5 e TR (x(1 - ¢~ M)
or for large x x

- \ /¢ “2¢
F(X) (™) /l - C"'/l ® e @

For @ven values of n, k is equal to an integer +5, and
formula (3,5) gives an infinite expansion, in terms with alter-
nating signs. In that case, the expansion in positive terms, due
to H. ROBBINS and E.J.G. PITMAN (194%9) seems to be preferable,
It gives:

02O
(3.11) F(x) = §§;K,F1n(n~1)+gjgx)

J Z

with

K

®

def (n -3+ (o =3 +M...(n -3 +24) je=tyi -2(n-1)
J 2 . I e 2] c

This expansion is only useful for small values of n, as
the series (3,11) converges too slowly for larger values., For
large even and odd values of n, numerical convolution of the
distributions of c§4 and XQ will be easier than the application

of the formulas (3.9) or (3.11).



L, Comparison of the exact and the asymptotic distributicn of T

Tﬂ% asymptotic distribution of T defined in theorem I will
in practice be used as an approximation to the exact distribution
of T for relatively large values of m, For the exact distribution
of X wean and variance can be derived by (3.3) from Terpstra's
results for T (cf, TERPSTRA (1955). They are

€X = Zn(n - 16,(3 6y - 267
and

-2 2

c*{x] = 36 w23 0, - 2 6y "C s gg =

=n(n -~ 1)(3 G, - 2 GB)”Q. (2(n - 2){@% - m"zg(agd))zg -
2 -2 (o)) 2
+9{G2 m ‘&Z(GQ ) }]
And for the asymptotic distribution (cf. (3.4))

X = cEX, +£€X%, = 2 n(n - 1)Gp( 3G, - 2@3)—'1

and
&:’2{3{_3 = 0262{32,8 +c52{gc_23 =n(n - 1)(3 6, - 2 GB)‘?‘X
X{E(n - 2)@? +9 GS}

Exact and asymppodLlds disfribution have the same mean and
the exacp variance of X is always smaller than the asymptotic
varlanee, In proportion to the exact varience the difference is
ofm” 1),

The author computed the exact distribution of X for n =3,
m= 3,4,5,6 and g =3 (% = 1,2,...,m) (hence ¢ =n + 1 = }4)
and ¢ompared them to the corresponding asymptotie distributilion
(cfs (3410)),

In table I the frequencies fq(X) C&f 6m"1PE§ = %j and the
tailprobabilities P(X 2X]for the exact distribution and
P[&%X] = 1 « F{X) for the asymptotia distribution are given and
in chart I a grafical representation of P g;;x] . For the values
of X till about X = 20 the asymptotic distribution appearently
underestimates the tailprobabilities, for values larger than
about X = 30, 1t overestimates them, The long tall of the asymp-
fotic distribution to the right may explain its larger variance
{see above). Near its 5 percent point (round X = 25) the asymp-
fotie distribution gives a relatively good approximation to its
tailprobabilities even for such small values of m as considered
here,
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Table I
Distribution of X = 6 m"/‘_'l_‘_ + 9 for n = 3 and
'm=3 m =4 m=5 m =56 m = oo
x| fa(x) P[xax)| fa(x) p[x2x] |ra(x) P[x2x] [ra(x) pLx2x] |B(X2 7]
0 - - 15 1 - - 310 1 1
1,8{ - - - - 370 14 - - 10,8756
2 - - - - - - }1200 0,9601f 0,858
3 17 1 80,9306 - - - - 0,7708
n - - - - - - 11680 0,8058]0,6876
6 - - 60 0,7083| - - 825 0,5898{0,5413
6,61 - - - - 430 0,745] - = 10,5030
8 - - - - - - 1300 0,4837|0,4234
9 - - 28  0,4306] - - - - 0,374
10 - - - - - - 11080 0,44510,3303
11 12 0,5278 - - - - - - 0,2917
11, 4 - - - - 2hko  0,3827| = c= 10,2775
10 - - 6 0,3009] - - 900 0,3062|0,2575
15 - - 24 0,27371 - - - - 0,1770
16 - - - - - - 300 0,1905{0,1563
16,2 - - - - 95  0,1975] - - 10,152k
18 - - 20 0,1620| -~ - k7o 0,1519/0,1217
19 60,1044 - - - - - - 0,074
20 - - - - - - 120 0,091410,0948
21 - - - - 100 0,1242 | - - 0,0836
22 - - - - - - 120 0,0760{0,0738
24 - - 0,0694 | - ~ 66 0,0606{0,0575
25,8 - - - - 30 0,0471 | - - 0,0459
26 i - - - - -~ 1120 0,052110,0448
27 10,0278 0,0447 | - - - - 0,0395
o8 - - - - - - 180 0,0367/0,0349
30,6 - - - - 20 0,0239 | - - 0,0252
34 - - - - - - 42 0,0135(0,0165
35,4 - - - - 10  0,0085 | - - 0,0138
36 - - 10,0046 - - 20 0,0081]0,0128
38 - - - - - - | 30 0,0055[0,0100
Ly - - - - - - 12 0,0017]0,0047
45 - - - - 10,0008 | - - 0,0042
5l . - - - - - 1 0,0001]0,0014
fq(x) def gm-1 P(k = x] .
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Table I
Distribution of X =6 m™'T + 9 for n = 3 and

m;B m = 4 m=5 m=6 mo= oo
x| £a(x) P[x2x)| £fa(x) P[x2xX] |fa(x) P[x=q |ra(x) p{x2] |P(XzX]

0 - S 9§ - - 310 1 g
1,8 - - - - 370 14 - - 10,8756
o - - - - - -~ {1200 0,9601} 0,858
3 17 1 48  0,9306 - - - - 0,7708
I - - - - - - 11680 0,8058}0,6876
6 - - 60 0,7083| - - | 825 0,5898{0,5413
6,6 - - - - 430 0,7145] - - 10,5030
8 . - - - - - 1 300 0,4837|0,4234
9 - - 28 0,4306] - - - - ]0,37h1
10 - - - - - ~ {1080 0,4451)0,3303
11 12 0,527 - - . - - - 0,2917
11, 4 - - - - 2ho  0,3827| =~ .= 10,2775
12 - - 6 0,3009| - - 900 0,30620,2575
15 - - 20,2731 - - - - 0,1770
16 - - - - - - 300 0,1905|0,1563
16,2 - - - - 95  0,1975] - - 10,1524
18 - - 20  0,1620| - - 1470 0,1519|0,1217
19 6 0,104 - - - - - - |0,1074
20 - - - - - - 120  0,0914]0,0948
01 - - - - 100  0,1242 | - - 0,0836
20 - - - - - - 120  0,0760{0,0738
24 - - 0,0694 | - - 66  0,0606{0,0575
25,8 - - - - 30 0,0hk71 | - - 0,0459
26 - - - - - ~ 1120 0,0521]0,0448
27 10,0278 0,0447 | - - - - 0,0395
28 - - - - - - 1180 0,0367{0,0349
30,6 - - - - 20  0,0239 | =~ - 0,0252
34 - - - - - - 42 0,0135]0,0165
35,4 - - - - { 10  0,0085 | - - 0,0138
36 - - 10,0046 - - 20 0,0087|0,0128
38 - - - - - - 30 0,0055{0,0100
Ly - - - - - - 12 0,0017{0,0047
45 - - - - 10,0008 { - - 0,0042
54 - - - - - - 1 0,0001(0,0014

Fq(x) 9&f g1 p(k = x] .
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Chart I

Tail-Probability-function P [X z X)

> O %X Q

of X = 6m”1§_+ 9
o for n = 3 and m = 3,4,5,6, .
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5, Missing observations
If only n‘a) components of x(d) have been observed ( « =
1,25 600,m3 & <n), the following modifications of hypothesis

Hé can be consildered.

i, ’(CX), 1
HO. All Zzip .} possibilities to allot

for each ot the observed values to the observed components of

(o) have the same probability.

HY: A1l Tf{nl/(n - n@x))£} possibilities
X

( 0
and allotting

£

to take for ceach e n
to them the observed values have the same probability.

o
components of vector x

Hypothesis H" is appropriate if the components to be observed

0
have been chosen according to a particular design ( balanced in

complete blocks e.g.) or if some observations fail and one has
reasons to assume that this happens with different probabilities
for different components of the same vector EK“). Application of
the generalization of the method of m rankings treated in Terp-
stra (1955) leads to a test for Hg valid for large n. We gilve
here two tests of hypothesis H8§ valid for large m, which are

less complicated than the corresponding tests for H These tests

1]
OO
can be used 1f one has omitted observations at random in order

fo reduce the size of the experiment or if the probability of
fallure of an observation is the same for all components of i@x)
The statistics of these tests are T and §, defined by (1.9)

end (1.10) respectively, if the definitions of xg?) (cf. (1.2)),
ot
G( ) (ef. (1.4)) and Gﬁx) (ef. (1.5)) are modified in the follow-

2 3

ing way:

(5.1) 5&?)d§f sgn(éga)~ ﬁgu)>if both zéd) and Egu) are observed,
~g?)dgf 0 1if gém) or §gd) 1s not observed,

(D() __,,./])

n(“)(p(a)_ 1) _Eth(d)(th

h "h
n(n - 1)

(5.2) gl)def

(5.3) ol)agt 0l (al® oy ({2 2y Tl (e gy (o[
3 el

n(n - 1)(n - 2)
For the tie-sizes tgx) the same definition holds as is given in
section 1 (under (1.3)) but now their total for vector o equals
n ) instead of n.

®
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Thé modified statistics S and T respecbively have under
Hg for large m the asymptotic distributions given above in
(1.13) and theorem I respectively. The fiyst remark in section
3 changes in so far the right hand member of (3.2) can not be
zerc except for the cases n‘“)= n or n(u)= 0. It follows that
3 Ggu) - 2 Gé“)vis positive for o<:n(d)< n if not all observed
components of 5$x) are equal,

Finally I want to thank Prof, Dr D. van Dantzig for his
helpful suggestions which gave the paper 1ts final form,
Constance van Eeden who read the paper throuroughly and J.Th.
Runnenburg, A, Benard and J. Fablus who suggested many improve-

ments.




